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Analytical study of idealized two-dimensional cellular detonations
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Abstract. In this study, the idealized two-dimensional detonation cells were decomposed into the primary
units referred to as sub-cells. Based on the theory of oblique shock waves, an analytical formula was derived
to describe the relation between the Mach number ratio through triple-shock collision and the geometric
properties of the cell. By applying a modified blast wave theory, an analytical model was developed to
predict the propagation of detonation waves along the cell. The calculated results show that detonation
wave is, first, strengthened at the beginning of the cell after triple-shock collision, and then decays till
reaching the cell end. The analytical results were compared with experimental data and previous numerical
results; the agreement between them appears to be good, in general.
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1 Introduction

It is well known that gaseous detonation waves have three-
dimensional (3D) cellular structure. The tracks of cellular
structure can be recorded with smoked foils on channel
walls, and the regions enclosed by the tracks are called
detonation cells. For extremely regular cellular patterns,
such as rectangular and planar modes, which can be ap-
proximately treated as two-dimensional, it was found that
the interaction of Mach configurations plays the main role.
The Mach stems and incident waves of the Mach config-
urations alternate each other (Strehlow 1968; Fickett and
Davis 1979; Nettleton 1987).

During the 70’s and 80’s the investigations on the prop-
agation of detonation waves had conclusively established
that detonation velocity fluctuates periodically from 0.6
to 1.5 times the C-J value (Fickett and Davis 1979;
Crooker 1969; Lee 1984; Lee 1991; Mitrofanov 1996).
Lundstrom and Oppenheim (1969), Strehlow (1970, 1971),
Strehlow et al. (1972), Strehlow and Crook (1974) and
Urtiew (1976) analyzed two-dimensional cellular detona-
tion waves and found that the detonation velocity and
pressure reach their maximum values just after the triple-
shock collision, and then decay continuously until their
minimum values are reached at the end of the detona-
tion cell. However, the pressure fluctuations along the cell
centerline, obtained in the experiments of VMT (Voit-
sekhovsky et al. 1963), suggested that detonation states
close to the collision point could not be resolved because
the area is too small to put in a probe. The axial ve-
locity history recorded by Takai et al. (1974) showed a
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local maximum near the apex of the cell but its accuracy
is difficult to estimate. In order to explain the velocity
and pressure fluctuations, Barthel (1972) suggested that
a reactive compression wave near the collision point could
catch up and strengthen the detonation leading front. Re-
cently, the two-dimensional numerical results reported by
Oran et al. (1998) and Gamezo et al. (1999) also showed
that the leading front is initially strengthened to its max-
imum value at the beginning of the detonation cell.

Inspired by the insights of the previous experimental
results and numerical simulations, the objective of this
paper is to develop a two-dimensional analytical model to
describe more exactly the triple-shock collision and prop-
agation of detonation front through detonation cells.

2 Regular detonation cell and its sub-cells

The idealized two-dimensional detonation wave has a reg-
ular pattern, so that any two adjacent triple-shock struc-
tures may represent the whole front. While the leading
front propagates from position I to position II, as shown
in Fig. 1, any two triple-shock structures connected by an
incident shock wave approach each other and then collide
at the cell centerline. After the collision, the two origi-
nal Mach stems now become incident shock waves and a
new Mach stem is created, which connects the two newly-
developed triple-shock structures moving apart from each
other. In this way, Mach stems and incident shock waves
exchange their roles and then propagate till the next colli-
sion. Meanwhile, the triple points with high pressure trace
out detonation cells. Schematic of this process is shown in
Fig. 1. It is easy to observe that leading fronts at the same
positions relatively to different cells have the same states.
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Fig. 1. Schematic of detonation cells and sub-cells: I, II, III –
leading front at different positions; 1, 2, 3, 4, 5 – centerlines of
cells; A, A’, B, B’ – collision points at two adjacent cells; C,
D – intersection points of leading fronts and cell centerlines.
Leading waves before and after A-C-A’ (or B-D-B’) are Mach
stems and incident waves, respectively

Thus, the whole detonation front can be understood by
analyzing the wave process taking place in one cell. Fur-
thermore, the four track segments of a cell are similar to
each other, so it is possible to decompose a cell into smaller
primary units.

Based on the above discussion, a smaller primary unit
called sub-cell, for instance, area A−C −B −D in Fig. 1,
can be defined. The sub-cell is enclosed by two centerlines
(such as 2 and 3 in Fig. 1) and two leading fronts (trans-
forming from Mach stem to incident shock wave, such as
A − C − A′ and B′ − D − B in Fig. 1) of two adjacent
cells. One can find, if the whole leading front is divided
into segments by centerlines, that the sub-cell just corre-
sponds to one dynamical cycle of a front segment. Some
features of the sub-cell can be easily derived:

– The width of a sub-cell is d/2, where d is the cell width.
The detonation cell length l is related to the sub-cell
dimensions as follows:

AD > l/2 > CB, AD + CB = l ; (1)

– The leading fronts at the two lengthways borders have
the same state, so that

MA−C−A′ = MB−D−B′ , (2)

where MB−D−B′ , MB−D−B′ are Mach numbers of the
two fronts;

– If a sub-cell is divided into two parts along the triple-
point track, considering the symmetry of a detonation
cell, one can find that the part with the concave triple-
point track (for instance, the area marked by A−B−D

in Fig. 1) stands for the first half of the detonation cell,
and the other part (for instance, the area marked by
A − C − B in Fig. 1) stands for the second half of the
cell.

3 Triple-shock collision

Strehlow et al. (1972), Oppenheim et al. (1972) and
Urtiew (1976) investigated the problem of triple-shock col-
lision. In their works, assuming that the incident angle θ1
(the angle between the incident shock wave and the triple-
point track) is invariant throughout the whole interaction,
the relation between two trajectory angles, the exit angle
2α and the entrance angle 2β, is given as

α = β − ∆ , (3)

where ∆ is the angle between the Mach stem and incident
shock wave at the collision point. The relation between
the exit Mach number, the entrance Mach number and
the incident angle can be written as

Mα

Mβ
=

sin2(θ1 + ∆)
sin2θ1

. (4)

However, in most of the previous studies, only smoked
foil pictures were obtained from experiments, and it is dif-
ficult to extract the incident angle from them. Therefore,
it is difficult to get Mα/Mβ from the cell tracks data only.

From the sub-cell properties mentioned above, it can
be found that the initial and final states of triple-shock
collision correspond to the states at the end point and at
the beginning of a segment of triple-point track. Consider-
ing the triple-shock structures at the two ends, A and B,
of the track of a sub-cell, as shown in Fig. 2, the relation
between the two states can be written as

MA1 = MB2; ∆A = ∆B = ∆; θA1 = θB1 = θ1 , (5)

where MA1 is the normal shock Mach number of the inci-
dent shock wave AC, at point A; ∆A is the angle between
the incident shock wave AC and the Mach stem AE; θA1
is the incident angle of the incident shock wave AC; MB2
is the normal shock Mach number of the Mach stem BD
at point B; ∆A1 is the angle between the Mach stem BD
and the incident shock wave BF ; θB1 is the incident angle
of the incident shock wave BF .

According to the oblique shock theory, parameters of
the Mach reflection at point A are expressed as follows:

Mi =
MA1

sin θA1
=

Mα

sin θA2
,

θA1 + θA2 = π − ∆A, (6)

α = θA2 − π

2
,

where Mi is the inflow Mach number at point A; θA2 is
the incident angle of the Mach stem AE.
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Fig. 2. Triple-shock structures at the two ends of the triple-point track of a sub-cell

Similarly, the relations for the Mach reflection at point
B are as follows:

M
′
i =

Mβ

sin θB1
=

MB2

sin θB2
,

θB1 + θB2 = π − ∆B , (7)

β =
π

2
− θB1 ,

where M
′
i is the inflow Mach number at point B; θB2 is

the incident angle of the Mach stem BD.
Substituting Eqs. (5) into Eqs. (7) and (8) and com-

bining them, one may get

MA1

Mα
= (ctg∆ − tgα)sin∆ ; (8)

MB2

Mβ
= (ctg∆ + tgβ)sin∆ ; (9)

MA1

Mα
=

Mβ

MB2
. (10)

Combining Eqs. (8) and (9), one may obtain

Mβ

Mα
=

ctg∆ − tgα
ctg∆ + tgβ

. (11)

Substituting Eq. (10) into Eqs. (8) and (9), the re-
lation between the two trajectory angles can be reduced,
that is Eq. (3). Then Eq. (11) can be written as

Mβ

Mα
=

ctg(β − α) − tgα
ctg(β − α) + tgβ

. (12)

Thus, using sub-cell properties and oblique shock the-
ory, the analytical formula relating Mα/Mβ and the ge-
ometry of detonation cells is developed.

With the shock wave relations and gaseous equation of
state, the strength of transverse waves can be calculated
from Eqs. (8) or (9). The angle θ1 can also be obtained
by solving linked Eqs. (12) and (4). It can be concluded
that θ1 at the collision point is not independent from the
cell geometry.

The dependence of Mα/Mβ on 2α and 2β (Eq. (12)) is
shown in Fig. 3. The average value of the entrance angle is
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Fig. 3. Dependence of the ratio Mα/Mβ from the entrance
angle 2β and the exit angle 2α

nearly the same for all ordinary detonation systems, and
appears to be very close to 70◦ (Strehlow et al. 1972). It
can also be found from Fig. 3 that Mα/Mβ depends on
the entrance angle to a greater extent than on the exit
angle. In most cases, 2α is much smaller than 2β; Mα/Mβ

is about 1.5 for almost all systems; and the corresponding
θ1 is about 50◦. For the H2/O2/Ar mixture, the exit angle
is about 22◦. The angle θ1 predicted with our model is
about 51◦ and Mα/Mβ is 1.43. The calculated incident
angle agrees with experiments (Voitsekhovsky et al. 1963;
Edward et al. 1966).

If the propagation process of detonation front through
a cell is considered as a decaying process, the values of
Mα/Mβ predicted here is smaller than in experiments. It
can be proven that the present triple-shock collision model
is equivalent to the models proposed by Strehlow, Op-
penheim and Urtiew. However, their solution is based on
graphic techniques and does not give a relation between
θ1 and α and β. In Urtiew’s work on Mα/Mβ calculated
by Eq. (4), the incident shock angle was modified to fit
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Table 1. Comparison of Mach number ratio and incident angle

Mα/Mβ θ1

Urtiew (1976) 2.85 36.4◦

This paper 1.43 51◦

Experiments of VMT (1963) – about 50◦

Mα/Mβ from experiments. From the foregoing discussion,
θ1 is not an independent variable, so that it is easy to ex-
plain why θ1 given by Urtiew is smaller than experimental
results, as shown in Table 1.

In the next section, the propagation of detonation front
along a cell will be discussed in detail to show the effect
of the chemical reaction induced by triple-shock collision,
which results in more complex process than merely decay-
ing one.

4 Dynamic process in a cell

In order to predict the development of detonation front
through detonation cells, the leading front in a cell needs
to be carefully modeled. In Lundstrom and Oppenheim
(1969), Edward et al. (1970) and Urtiew (1976) works,
the geometry of each detonation cell is associated with two
extreme values of the axial velocity of the leading front.
The decay factor λ is used to account for the wave decay
from one extreme to another. In the first half of the cell,
the shock wave is a Mach stem while it is an incident shock
wave in the second half. They defined the two-dimensional
decay factor as

λ =
d ln(M−2)

d lnr
, (13)

where M is the normal shock Mach number of a detona-
tion front, and r is the position of the detonation front
relatively to the hypothetical origin of cylindrical blast
wave, which is at a certain distance r0 from a collision
point, say the apex of the cell.

Let us assume that the chemical reaction, induced by
triple-shock collision near detonation cell apex, results in
a concentric cylindrical compression wave that propagates
forward and catches up the leading front later in the first
half of the cell. So, the leading front of a cell is modeled in
this paper as follows. The whole propagation of the front
can be divided into two parts. The first part is from the
apex to a distance k with the decay factor λ1, which takes
into account the effect of the concentric cylindrical com-
pression waves. The second part is the rest of the process
with the decay factor λ2. Both decay factors stay constant
through the cell. Figure 4 shows the modified blast wave
model in a sub-cell. According to the definition of sub-cell
and its properties, the incident shock wave stands for the
leading front in the second half of the cell, which decays
from the hypothetical origin of the preceding sub-cell; the
Mach stem stands for the leading front in the first half of
the cell, which decays from the hypothetical origin of this
sub-cell.

Using the geometric relation of the leading front, the
angle between incident shock waves and Mach stems at
the two ends of the triple-point track can be related to
the size of the sub-cell:

∆ = arctg

(
d/2

r0 + l/2

)
. (14)

The decay radius of blast waves at the starting point
of the triple-point track is given as

rh =
[
(r0 + l/2)2 + (d/2)2

]1/2

. (15)

The decay radius at the final point of the triple-point
track is r0 + l, so that the normal shock Mach number
ratio between incident shock waves at point A and point
B can be written as

MA1

Mβ
=

(
r0 + l

rh

)λ2/2

. (16)

Similarly, the Mach stem decays from the apex after
propagating a distance k, and one may obtain

Mk

Mα
=

(
r0

r0 + k

)λ1/2

. (17)

Note that the decay radius of Mach stems in a sub-cell
at point B is also rh. Then the Mach number at distance
k and point B can be expressed as

Mk

MB2
=

(
r0 + k

rh

)λ2/2

. (18)

Combining Eqs. (16), (17) and (18) with Eq. (2)
results in

Mα

Mβ
=

(
r0 + k

r0

)λ1/2

·
(

r0 + l

r0 + k

)λ2/2

. (19)

Combining Eq. (12) with Eq. (19) yields

ctg(β − α) − tgα
ctg(β − α) + tgβ

=

(
r0 + k

r0

)λ1/2

·
(

r0 + l

r0 + k

)λ2/2

. (20)

Using Eqs. (2), (3), (9) and (14), λ2 and r0 can be
calculated with the following equations using given exper-
imental parameters α, β, l and d:

r0 =
d − l tg(β − α)
2 tg(β − α)

, (21)

and

λ2 =
2 ln[(ctg(β − α) + tgβ)sin(β − α)]
ln[(ctg(β − α) + l/d)sin(β − α)]

. (22)
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Fig. 4. Modified blast wave model in a cell

Let Mav represents the average Mach number of det-
onation fronts. One can specify the conditions for wave
decay so that the total time for the decaying detonation
front to pass through the sub-cell would be equal to the
time needed for a steady wave at Mav to travel the same
distance l, say the cell length. On the other hand, from
the properties of sub-cells one can also find out that the
detonation front propagation takes the same time in each
half of a cell. That is∫ r0+k

r0

dx

M
+
∫ rh

r0+k

dx

M
=
∫ r0+l

rh

dx

M
=

l

2Mav
. (23)

Integrating the second part of Eq. (23) yields

Mβ =
2Mav(r0 + l)
l(λ2/2 + 1)

[
1 −

( rh

r0 + l

)λ2/2+1
]

. (24)

Substituting Eq. (19) into the first part of Eqs. (23),
one may obtain

(λ2/2 + 1)
[
(r0 + k)λ1/2+1 − r

λ1/2+1
0

]
(λ1/2 + 1)(r0 + k)(λ1−λ2)/2 =

=
[
(r0 + k)λ2/2+1 + (r0 + l)λ2/2+1 − 2rλ2/2+1

h

]
.

(25)

The values of r0, rh, λ2, Mβ and Mα can be calculated
directly from Eqs. (21), (15), (22), (24) and (12). By
solving linked Eqs. (20) and (25) numerically, λ1 and k
can be also obtained. Now, having two trajectory angles,
the cell size from given smoke foil data and Mav, all pa-
rameters governing the propagation of leading front can
be determined.

Using decay factors λ1 and λ2, and Mach numbers of
the leading front at the two ends of a cell Mα and Mβ ,
the detonation velocity at the distance k from the apex is
written as:

M = Mα

(
R

R + x

)λ1/2

, 0 ≤ x ≤ k/l , (26)

where R = r0/l is the normalized distance of the hypo-
thetical origin from the apex, x is the normalized distance
through the cell.

In the rest of the cell

M = Mβ

(
R + 1
R + x

)λ2/2

, k/l ≤ x ≤ 1 . (27)

With the gaseous equation of state, detonation states
in a cell can also be derived from Eqs. (26) and (27), which
include detonation pressure, transverse wave strength etc.

For smoked foil data of a H2/O2/Ar mixture, λ1 and
λ2 calculated from our blast model is −0.94 and 0.8. The
predicted propagation of leading fronts along the center-
line in comparison with experiments is shown in Fig. 5.
The results indicate that the dynamic process consists of
two stages. First, the detonation front is strengthened near
the cell apex and reaches its maximum intensity at about
0.1l, and then decays till the end of the cell. The decaying
process calculated by our new model is in good agree-
ment with the experiments (Strehlow and Crook 1974;
Hanana et al. 2000). However, the reported second pres-
sure jump at 0.7l, which is consequence of collision of two
transverse waves, can not be predicted by our model. As
to the detailed process near the apex, it is difficult to
verify it because of the lack of experimental data. How-
ever, the numerical results reported by Oran et al. (1998)
and Gamezo et al. (1999) showed that detonation velocity
increases just after the triple-shock collision and the max-
imum is at about 0.1l ∼ 0.2l away from the apex, which
is in good agreement with Fig. 5.

5 Conclusion

In this paper, the concept of detonation sub-cells is in-
troduced and used to describe cellular detonation. Based
on the analysis of the sub-cells, an analytical formula is
derived to describe the relation between the Mach num-
ber ratio through triple-shock collision and the geomet-
ric properties of detonation cell. A modified blast wave
model is proposed to describe the propagation of detona-
tion front through a cell. The predicted velocity and pres-
sure fluctuations of the detonation front show that deto-
nation waves are initially strengthened after triple-shock
collisions at the beginning of the cell, and then decay un-
til they reach the cell end. These analytical results were
compared with experimental data and previous numerical
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results. The agreement between them appears to be good,
in general.
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